The post Gaussian effective potential in D = 2+2ε dimensions is evaluated for the Ginzburg-Landau theory of superconductivity. Two and three loop integrals for the post Gaussian correction terms in D = 2 + 2ε dimensions are calculated and ε-expansion for these integrals are constructed. In D = 2 + 2ε fractal dimensions Ginzburg Landau parameter turned out to be sensitive to ε and the contribution of the post Gaussian term is larger than that for D = 3. Adjusting ε to the recent experimental data on κ(T ) for high -T c cuprate superconductor T l 2 Ca 2 Ba 2 Cu 3 O 10 (T ℓ − 2223), we found that ε = 0.21 is the best choice for this material. The result clearly shows that, in order to understand high -T c superconductivity, it is necessary to include the fluctuation contribution as well as the contribution from the dimensionality of the sample. The method gives a theoretical tool to estimate the effective dimensionality of the samples. *
I. INTRODUCTION
The Ginzburg-Landau (GL) theory of superconductivity [1] had been proposed long before the famous BCS microscopic theory of superconductivity was discovered. A few years after the appearance of the BCS theory, Gorkov derived the GL theory from the BCS theory [2] . Since then, the GL theory has remained as a main theoretical model in understanding superconductivity. It is highly relevant for the description of both type -I [3] and type II superconductors, even though the original BCS theory is inadequate to treat both materials. The success of the GL theory in the study of modern problems of superconductivity lies on its universal effective character in which the details of the microscopic model are unimportant.
Even at the level of meanfield approximation (MFA), the GL theory yields significant information such as the penetration depth (ℓ) and the coherence length (ξ) of the superconducting samples. Many unconventional properties of superconductivity connected with the break down of the simple MFA has been studied both analytically [4] and numerically using the GL theory [5] . Particularly, the fluctuations of the gauge field were studied recently by Camarda et. al. [6] and Abreu et. al. [7] in the Gaussian approximation of the field theory. The effective mass parameters of the Gaussian effective potential (GEP), Ω and ∆ , were interpreted as inverses of the coherent length ξ = 1/Ω and of the penetration depth ℓ = 1/∆, respectively.
In our previous paper [8] we have estimated corrections to the Gaussian effective potential for the U(1) scalar electrodynamics, which represents the standard static GL model of superconductivity. Although it has been shown that the correction is significant in D = 3 dimensions, it was not large enough to explain the experimental findings. At the same time, we have investigated the role of quasi two dimensionality in the high T c superconductivity, by calculating the Gaussian effective potential for D = 2 + 2ε. It was found that the dimensional contribution at the Gaussian approximation level gives the correction in the right direction, but is not large enough to explain the experimental data [8] . However, it is known that fluctuation contributions are much larger in lower dimensions. Therefore, it is necessary to investigate whether the post Gaussian correction terms in D = 2 + 2ε dimensions provide significant contribution to the mean field result, in order to understand the layered structure of the high T c superconductivity. In the present paper, we study the role of the post Gaussian contributions in D = 2 + 2ε dimensions by using the method developed in [8] .
The paper is organized as follows: in Section II the GL action is introduced and basic equations are derived; in Section III, the theoretical results for D = 2 + 2ε will be compared to existing high T c experimental data, so that the role of fractal dimensions can be discussed. In the Appendix we calculated two and three loop integrals in D = 2 + 2ε dimensions.
II. BASIC EQUATIONS FOR THE EFFECTIVE MASSES
The Hamiltonian of the model and explicit expressions for the effective potential in Euclidean D-dimensional space were given in [6] [7] [8] . Here we bring the main points for convenience. The effective potential, i.e., the free energy density, V eff = F /V is defined as
where the partition function is
The Hamiltonian density is given by
where we have introduced a gauge fixing term with the limit η → 0 being taken after the calculations are carried out. Note that, we are using natural units employing ξ 0 (coherence length at zero temperature) and T c (critical temperature) as the length and the energy scales, respectively, introduced by [9] :
Using the method introduced in refs. [8, 10, 11] one finds following effective potential:
where V G is the Gaussian part:
and ∆V G is the correction part:
In the above following integrals are introduced:
.
(2.8)
For D = 3 − 2ε, these integrals were calculated in dimensional regularization in ref. [12] and for D = 2 + 2ε in the Appendix of the present paper.
The parameters Ω and ∆ are determined by the principle of minimal sensitivity (PMS):
where we denote optimal values of Ω and ∆ byΩ and∆, respectively, andφ 0 is a stationary point defined from the equation:
In the equations (2.9) -(2.11) we have used ε expansion of the loop integrals explicitly and numerical values of ξ 0 , T c and e. For the cuprate T l 2 Ca 2 Ba 2 Cu 3 O 10 (T ℓ − 2223) these values are ξ 0 = 1.36nm, T c = 121.5K, e 2 = 16παk B T c ξ 0 /hc = 0.0000264.
(2.12)
III. RESULTS AND DISCUSSIONS
The solutions of the Eqs. (2.9) -(2.11) are related to the experimentally measured GL parameter κ as κ = ℓ/ξ =Ω/∆. We make an attempt to reproduce recent experimental data on κ(T ) [13] 
For this purpose, we adopt usual linear T dependence of parametrization of m and λ as:
and calculate κ by solving nonlinear equations (2.9) -(2.11). Due to the parametrization (3.1), the model has in general six input parameters: m After having fixed the input parameters, the temperature dependence ofΩ(τ ),∆(τ ) as well as the GL parameter κ =Ω(τ )/∆(τ ) are established by solving the gap equations numerically for each ε. Clearly, the solutions of nonlinear gap equations are not unique. In numerical calculations we separated the physical solutions by observing the sign ofφ 2 0 , which should be positive and that the effective potential at the stationary point V eff (φ 0 ) should has a real minimum at this point. For ε ≥ 0.1, there is a possibility to adjust ε to the recent experimental data on κ(T ) [13] for high -T c cuprate superconductor T l 2 Ca 2 Ba 2 Cu 3 O 10 (T ℓ− 2223). Our calculations show that, the best choice of ε is found to be ε = 0.21. The appropriate κ(τ ) is presented in Fig. 2 (solid line) . The dashed line in this figure shows κ(τ ) for D = 3. This fitting process allows us to get an estimation on the effective dimensionality of the high -T c superconducting materials.
IV. SUMMARY
In the present paper, we have carried out two and three loop calculations on the GinzburgLandau effective potential beyond the Gaussian approximation for D = 2 + 2ε fractal dimensions. The result clearly shows that the higher order corrections are substantially large to explain the existing experimental data.
This result strongly suggests that in order to explain the experimental data on high -T c superconductivity it is necessary to include the fluctuation contribution as well as the contribution from the quasi two dimensionality. We have found that the GL parameter is rather sensitive to ε when the loop corrections to the simple Gaussian approximation are taken into account. The optimal value of ε for the cuprate (T ℓ − 2223) is ε = 0.21. It would be interesting to estimate optimal ε in fractal dimensions for other cuprates also.
It is to be noted that we have calculated two and three loop integrals in D = 2 + 2ε dimensions using the method of dimensional regularization.
Two and three loop integrals (I 3 and I 4 ) require a little more effort. It is more convenient to evaluate them in coordinate space rather than in momentum space, since
where G n (r) is the Fourier transform of the propagator 1/(k 2 + M 2 n ) (n = 1, 2):
and K ν (z) is the modified Bessel function. In dimensional regularization, for D = 2 + 2ε, G(r) is simplified as
Now, substituting (A.4) into (A.3) one notices that unlike in the case of D = 3 − 2ε , in D = 2 + 2ε dimensions there is no singularity at small r and hence the integration can be performed directly from r = 0 to r = ∞ without splitting radial integration into two regions with small r and large r.
The case with equal masses, M 1 = M 2 ≡ m, can be done analytically: .5) for N = 3, 4, where the integralsĨ 3 (ε) andĨ 4 (ε) are expressed in term of the hypergeometric functions:
one may expand the factor (αt) −ε K ε (αt) in power series of α and integrate (A.9) analytically to obtain:Ĩ
Inserting Eq. (A.11) into the Eq. (A.8) one obtains the following ǫ expansion : Similarly, one may calculate I 4 (M 1 , M 2 ) to obtain it's ǫ expansion: 
